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ABSTRACT: Solving differential equations and finding solution of homogeneous and non-homogeneous
differential equations are not very easy one in some critical situations. To use certain method to find every
different equations. Most of the engineering problems were converted to be in differential equations and
solve by using Z-transform, Laplace transform, Fourier transform etc., particularly in continuous case
Laplace transform are using but some complex differential equations solved by Laplace transform is difficult.
In this paper a new modified Sumudu transform introduced called Raj transform to solve differential
equations and fuzzy differential in engineering problems. This transform can solve differential equations and
fuzzy differential equations especially boundary and initial conditions problems. Important properties with
proof of the new transform also derived. Dualities between new integral transform and other integral
transform also provided. Finally to understand this new integral transform, two numerical examples also
given with graphical explanation in the end of the paper. Using Raj transform is easy to solve complex
differential equations in both homogeneous and non-homogeneous higher order differential equations. This
method is very interesting to solve different type of difficult problems in both engineering and real life.
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I. INTRODUCTION

Many of the real life problems, science problems and
engineering problems were solved by integral transform.
Integral transform plays very important usage to solve
differential and partial differential equation. Most of the
integral transform is mapped into t domain into s domain
by integral transform. Very famous known transform
Fourier, z-transform and Laplace transform. Mostly z
transform is used to solve discrete case of problems
and Laplace is used to solve continuous case problems.
in these transform the changeable variable in s domain
treated as dummies and also physical significance is
also not questioned. Jena and Mohanty (2019) worked
on ODE using numerical technique [1]. Watugala (1993)
introduce integral transform named Sumudu in 1993 to
solve control engineering problems [2]. Many researcher
are discussed with different transform like Mohgoub
transform, Aboodh transform, Kamal transform, Elzaki
transform, Mohand transform and Sawi transform to
solved an engineering mathematical problems [3-7].
Aggarwal and Chaudhary (2019) worked on
comparative study on Mohand transform with Laplace to
solve differential equation [8]. Recently many research
scholars used different type of integral transform to
solve different type of problems in both engineering and
real life [9-22]. Here the new modified Sumudu
transform of t domain is used for dividing v domain. It
owns sO many interesting properties; new integral
transform is related with other transform like Laplace,
Sumudu, etc. differential equation are converted into
fuzzy differential equation and used new integral

transform to solved the equation by using initial
condition as a fuzzy parameter (numbers). Allahviranloo
et al, worked on differential equations in fuzzy
environment [23-26]. Melliani et al., (2015) also solved
differential equation in fuzzy environment [27]. Rajkumar
and Jesuraj modeled a real life problem into differential
equation and its solved by using fuzzy numbers like
triangle, nonagonal [28-30]. Recently up to 2019 many
others used to solve differential and partial differential
equation by the known transform but few problems are
not able to solve in same transform, this transform used
to solve many problems in complex domain.

Final section of the paper given few numerical examples
to understand the new method. Application of this new
transform can used to solve mathematical problems,
stress analysis, signal processing, civil engineering,
control system mechanics, heat conduction, electricity,
deflection of beams, etc.

Il. MATERIALS AND METHODS

A. Laplace transform
The laplace transform Z of a function f(g) for ¢ is

greater than zero given by
Z(£(g) = [(g)e ™ dg
0

B. Sumudu transform
The Sunudu transform Z of a function f(g) for ¢ is

greater than or equal to zero given by
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Z(£(9)) = [ £(sg)e dg .(0<ki<E ska)

C. Mahgoub transform
The Mahgoub transform Z of function f(g) for ¢ is

greater than or equal to zero given by
Z(f(g) = Sj f(¢)e °d¢ .(0<ki< & <ko)
0

D. Elzaki transform
The Mahgoub transform Z of a function f(g) for ¢ is

greater than or equal to zero given by
< _s

Z(f(g) = ij(g)e sdg .(0<ki<E <ky)
0

E. Aboodh transform
The Aboodh transform Z of a function f(g) for ¢ is

greater than or equal to zero given by

Z(f(g) = lj f(¢)e ™ d¢ .(0<ki<E ko)
S 0

F. New Integral Transform Modified Sumudu Called Raj
Transform
The modified Sunudu transform Z of a function (¢ ) for

G is greater than or equal to zero given by
Z(f(g) = If (g)e’gdg where & is in between zero
S
0

and infinity (0<k15§ <ko) ,here ki and kz are either finite
or infinite
lll. RESULTS AND DISCUSSION

A New Modified Sumudu Transform (Raj Transform) for
Basic Function

A. Let f(G) =1, by using transform
¢ _ 1 17 _ 1
Z1(Q) = [fC)e“dg, Z() = [f(O)e *dg=- [ “dg=-
o S s s? S
B. Let f(G) =¢e™, by using transform

2(Q) = [£()e“de

o ag

Z(e*) = I esedg
0

ag

= Te_g+ sdg
0

1

. a
1-<
S
S
Z(e*)=——
s—a
C. Let f(G) =g, by using transform

Z(E() = [f(D)edg
0 S
2(9)= [(3e*dg

= Leea
S 0

D.Let f(G)=¢", by using transform

Z(£() = [f(D)edg
0 S
Z(¢") = [£(S)edg
0 S

= lj. g“e_gdg
S 0

n!
Y

Z(¢") =
s

E. Let f(g) =sin(ag), by using transform

2t (5 = [ (e dg

Z(sin(ag)) = | sin(af)e-@dg
0
as

S alt+s?
) as
Z(sin(ag)) = —
a +s
F. Let f(¢)=cos(ag), by using transform

2t (g = [ (e dg

2

oo

Z(cos(ag)) = I cos(a—g)e’gdg
0 S

2
S

Cal+s’
2
Z(sin(ag)) =—;
a’+s

G. Let f(g) =sinh(ag), by using transform

2t (g = [ (e dg

2
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oo

Z(sinh(ag)) = [ sinh(*2)e dg
S

as

Z(sin(ag)) = 7 a

H. Let f(G) = cosh(ag), by using transform

2t (5 = [ (e dg

2

oo

Z(cosh(ag)) = I cosh(a—g)e’gdg
S

0

Zsin(ag) = 5

Relation between a New Integral Transform and
Other Integral Transform

A. Laplace and Raj transform
Theorem: 1

If laplace and raj transform of Z(f(g)) are L(¢) and R(
)

1
L(¢) = gR(Q) and
R(¢) =sL(g)

Proof :from the definition of laplace transform we have

2(£(9) = [f(g)edg

0

dp . .
Put s =p, dg=— in the above equation
S

17 _
2t () == [tE)edp

sy S

=§R<Z<f<q>>

Similarly we have raj transform
28 (90 =[f(2)edg
0

Put S_ p, dG =sdp in the above equation
S

Z((g)) =s[f (p)e"dp

=sL(Z(f ()

B.Sumudu and Raj transform

Theorem: 2

If Sumudu and raj transform of Z(f(¢)) are S(¢) and
R(¢)

5(¢) :éR(g) and
R(¢)=sS(0)

Proof : from the definition of Sumudu transform we
have

2(£(9) = [ £ (sq)edg

dp . ,
Put s¢ =p, dg=— in the above equation
S

-
Z(f(g)="_[(E)e"dp

=§R<Z<f<q>>

Similarly we have raj transform
28 (90 =[f(>)edg
0

Put S- p, dG =sdp in the above equation
S

Z(t(g)) =5 f(sp)e Pdp

=sS(Z(f(c))

C. Mahgoub and Raj transform
Theorem: 3

If Mahgoub and raj transform of Z(f(g)) are M(¢ ) and
R(¢)
M(¢) =R(¢) and

R(¢) =M(¢)

Proof : from the definition of laplace transform we have

Z(£(9) =s[f(g)edg
0
dp . ,
Put s =p, dg=— in the above equation
S

-
289 ="_[f(Dedp

=R(Z(t(9))

Similarly we have raj transform
28 (9 = [f()edg
0

Put S_ p, dG =sdp in the above equation
S
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Z((g)) =s[f (p)e"dp
= M(Z(f(9))

D. Elzaki and Raj transform
Theorem: 4

If Elzaki and raj transform of Z(f(g)) are E(¢g) and R(
c)

E(Q) =§R<q> and

R(g) =s’E(Q)

Proof : from the definition of Elzakitrans form we have

17 s

2t (o) = [f(ge™dg
0
dp . .
Put s =p, dg=— in the above equation
S

17 _
7(f () == [fE)edp

sy S

=§R<Z<f<q>>

Similarly we have raj transform
28 (90 = [f(2)edg
0

Put S_ p, dG =sdp in the above equation
S

Z((g)) =s[ f (p)e "dp
0

=s’E(Z(f(q))

E. Aboodh and raj transform
Theorem: 5

If Aboodh and raj transform of Z(f(g)) are A(¢) and
R(¢)

1
L(g)= §R(€) and

R(g) =s’A(Q)

Proof : from the definition of Aboodh transform we have

Z(t(Q) = ! j f(g)e dg .(0<ki<E <ke)
S 0

dp . ,
Put s¢ =p, dg=— in the above equation
S

17 d
2(t(Q) =]t
0

=S%R<Z<f<q>>

Similarly we have raj transform
28 (9 =[f(>)edg
0

Put S_ p, dG =sdp in the above equation
S

Z(f(9)) = (p)e *dp
0

=g [[ﬂ j f(p)e_Spdpj =sA(Z(f ()

Relation for Finding This New Integral Transform
with Other Transforms.

Tabular representation of Raj transform with other
integral transform.

Table 1: Laplace and Raj transform.

. Laplace Raj
S.No. Fufn(ctl)on transform transform
° L) | R(E(©)
1 1
1. 1 - -
S S
1 1
2 S - -
S S
3 & 2! 2
s’ s
n! n!
4 g“ iy
Sn+1 Sn
1 S
5 e?s - =
s—a s—a
6 sinag a as
a’+s’ a’+s’
2
7. cosag - S - S
a +s a’+s’
. a as
8. sinh ag
SZ _ a2 SZ _ a2
2
S
9. coshag — 5
s —a 2 — g2
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Table 2: Sumudu and Raj transform.

Table 4: Elzaki and Raj transform.

. Sumudu Raj . Elzaki Raj
S.No. Fufn(cll)on transform transform S.No. Fufn(cll)on transform transform
5 SF©) | R(E®©) 5 E(f(9) | R(E()
1 1
1. 1 1 — 1. 1 s? -
S S
1 1
2. G S — 2. G g3 —
S S
2 2
3. ¢ 21s? 2 3. ¢ 215t =2
n! n!
4. ¢ n!s" — 4. g nls™? —
Sl'l Sl'l
1 S 2
5. eag _— 5. e'aG s L
1—as s—a I—as s—a
. as as 3
6. sinag — T 6. sinag as i
1+(as) a +s 1+ (as)’ a’+s’
1 sz 2 2
7. cosag - S S
1+ as 2 P P 7. COsS ag R —
(as) a +s 1+(as)2 a® +s2
. as as
8. sinh acg W > > 8 sinh ac as3 as
f— as —_— .
1 S 2a’l 1_(as)2 SZ _az
S 2 2
9. cosh a e S
° 1—(as)’ $—a’? 9. coshag | ——— 5
1-(as)’ s’—a’
Table 3: Mahgoub and Raj transform -
. - Mahgoub Raj Table 5: Aboodh and Raj transform.
unction i
S.No. £ transform transform Function Aboodh Raj
©) M(f(c)) R(f(g)) S.No. uf(c )0 transform transform
I 5 A(f(©) | R(f(9)
1. 1 1 - 1 1
S 1, 1 - Z
1 1 S S
2. S - = 1 1
S S 2. S — -
3
) 2! 2 S S
8. S - = !
> > s | ¢ X X
n! n! S S
4. ¢ - - ' !
Sn Sn 4 gn n! 2
n+2 n
S S S S
5. JRE = > .
s—a s—a 5. et - S
. as as s(s—a) s—a
6. sinag T — .
. as
a —Z 5 a —Z S 6. sinag — T
s(a” +s
7. cosag 25 . 25 : ( ) a Jg s
a~+s a~+s 7 cosag 21 : S
. as as 2482
8. sinh ag — — a+s a_+s
s“—a s*—a 8 inh ac a as
2 2 : sinh a 2 2y 2.2
9. coshag ZS - ZS . s(s"—a’) s"—a
s—a s"—a
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1 s?

9. cosh ag >

$2—a 2 32

Raj Transform of Derivatives
A. Theorem:

It Z(f(c)) = R(s) then R(f'(g)) =sR(s)—sf (0)

Proof:
By the

Z(E(9) = [£(Pedg
0 S

definition of raj transform

28 (@)= [ (e dg

0
Method of integration by parts
2 ()= [£' e d

0

u=e °,du=-e"*dg

dv=f'(®)dg
S
v=sf(®)
S
=uv— J. vdu

=sR(s)—sf(0)
Hence R(f'(g)) =sR(s)—sf(0)

= [(se‘gfé))} ~[sf)(-edg)
S 5 S

B. Theorem:
If Z(f(g)) =R(s) then

R(f”(¢)) =s’R(s) —s*f (0) —sf’(0)
Proof: let R(f"(¢)) =s[sR(s)—sf(0)]—sf’(0)

By using theorem 6.1 we get,
R(f"(¢)) =s’R(s) —s*f(0) —sf’ (0) hence
proved.

Numerical Application
Example 1: Solve the following first order differential

equation by raj transform method y/ (t)—4y=¢e'
where y(0)=0.

Solution: Given , y' (t) —4y =¢' y(0)=0

Taking raj transform on both sides we get

[SR(s)—sf(0)]—4R(s) :Ll
Ss—

S
RO = The—9

Using partial fraction and inverse raj transform we get

y(t) = %[4641 —e' }

80.0000
70.0000 -
60.0000 —
50.0000 —
40.0000 —
30.0000
20.0000
10.0000
0.0000 T T T

1 3 5 7 9 11

Series1

Fig. 1. (when t=0, 0.1, 0.2...1) will get the following
graphical representation).
Example 2: Solve the following second order differential

equation by raj transform method y”(t) —y =lwhere
y1(0)=0, y(0)=0.

Solution: Given y"(t)—y =1

where y1(0)=0, y(0)=0.

Using raj transform on both sides

We get

s’R(s)—s*f(0)—sf’(0)—R(s) = 1
S

R(s)[s*—1]= E
s

1
s(s* =1

~ 1

S s(s+1)(s—=1)

Using partial fraction and inverse raj transform we get ,

R(s) =

y(0) = %[ewe“ 2]

12000.0000

10000.0000 —

8000.0000 H—

6000.0000 ——

Seriesl
4000.0000 — 40— —

2000.0000 -

0.0000_IIIIT‘I_I_I_I_II

1 3 5 7 9 11

Fig. 2. (when t=1, 2, 3,...10, 1) will get the following
graphical representation).
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IV. CONCLUSION

The new introduced method is defined and explained
the properties through derivations. This transform is
related with other integral transform to show the duality
between other five transforms .raj transform first and
second order derivatives also derived based on the
result two numerical examples also solved. Using this
transform is very easy to solve differential equation
problem or linear and non-liner cases.

V. FUTURE SCOPE

This can help for researcher to solve higher order
differential equations, Partial differential, fractional
equations and other problems in engineering and real
life.

Conflict of Interest. The authors confirm that there are
no known conflicts of interest associated with this
publication of this paper.

REFERENCES

[1]. Jena, S. R., & Mohanty, M. (2019). Numerical Treatment

for ODE (Fifth order), International Journal on Emerging

Technologies, 10(4), 191-196.

[2]. Watugala, G. K. (1993). sumudutransform:a new integral
transform to solve differential equation and control engineering
problems, JMEST, P 35-43.

[3]. Elzaki, T. M. (2011). The new integral transform “Elzaki
Transform”. Global ~ Journal of Pure and  Applied
Mathematics, 7(1), 57-64.

[4]. Rao, R. U., & Naresh, P. (2017). Elzaki Transform for
Exponential Growth and Decay, Int. Journal of Mathematics
And its Applications, V5, 3-C, 305-308.

[5]. Rao, R. U., & Naresh, P. (2017). A New Approch to find
solution of a Falling body. Journal of Global Research in
Mathematical Analysis, 4(9), 13-18.

[6]. Rao, R. U., & Naresh, P. (2017). Newtons Law of cooling-
Elzaki transform. International Journal of Innovative research in
Science, Engineering and Technology, 6(8), 16543-16548.

[7]. Mahgoub, M. M. A. (2019). The new integral transform
"Sawi Transform". Advances in Theoretical and Applied
Mathematics, 14(1), 81-87.

[8]. Aggarwal, S., & Chaudhary, R. (2019). A comparative study
of Mohand and Laplace transforms, Journal of Emerging
Technologies and Innovative Research, 6(2), 230-240.

[9]. Weerakoon, S. (1994). Application of Sumudu transform to
partial  differential  equations. International  Journal  of
Mathematical Education in Science and Technology, 25(2),
277-283.

[10]. O'Regan, D., Lakshmikantham, V., & Nieto, J. J. (2003).
Initial and boundary value problems for fuzzy differential
equations. Nonlinear  Analysis:  Theory, Methods &
Applications, 54(3), 405-415.

[11]. Abbasbandy, S., Allahviranloo, T., Lopez-Pouso, O., &
Nieto, J. J. (2004). Numerical methods for fuzzy differential
inclusions. Comput. Math. Appl., 48, 1633-1641.

[12]. Reena, Meenakshi, & Bansal, T. (2019). Statistical

—Convergence of Order in Intuitionistic Fuzzy Normed

Spaces. International Journal on Emerging Technologies

10(2b), 43-47.

[13]. Donders, S., Vandepitte, D., V an de Peer J., & Desmet,
W. (2004). The short transformation method to predict the FRF
of dynamic structures subject to uncertainty , Proc. of ISMA
2004, International Conference on Noise and Vibration
Engineering, Leuven, Belgium, 3043-3054.

[14]. Sokolov A. M. (2006). Methods and algorithms of
Fuzzy simulation of mechanical systems, Saint Petersburg,
ISBN 5-901739- 35-43.

[15]. Demaid, A., & Zucker, J. (1998). A conceptual model for
materials selection. Metals & Materials, 4(5), 291-296.

[16]. Chauhan, S. S., & Nandal, R. (2019). Fixed Point

Theorems on Partial b-Metric Space using Fuzzy Mapping,

International Journal on Emerging Technologies, 10(2b), 208-

216.

[17]. Sharma, F. B., Sharma, A., & Sharma, N. (2010). Fuzzy

logic applications for traffic control “an optimum and adaptive

controlling application. International Journal on Emerging

Technologies, 1(1), 41-45

[18]. Kaleva, O. (1990). The Cauchy problem for fuzzy
differential equations. Fuzzy Sets Syst., 35, 366-389.

[19]. Kaleva, O. (1987). Fuzzy differential equations. Fuzzy
Sets Syst., 24, 301-317.

[20]. Bede, B., & Gal, S. G. (2005). Generalization of the
differentiability of fuzzy- number-valued functions with
applications to fuzzy differential equations. Fuzzy Sets
Syst., 151, 581-599.

[21]. Chalco-Cano, Y., & Roman-Flores, H. (2006). On new
solutions of fuzzy differential equations. Chaos Solitons
Fractals, 38, 112-119.

[22]. Nieto, J. J., Rodriguez-Lopez, R., & Franco, D. (2006).
Linear first-order fuzzy differential equations. Int. J. Uncertain.
Fuzziness Knowl.-Based Syst., 14, 687-709.

[23]. Allahviranloo, T., Ahmady, N., & Ahmady, E. (2007).
Numerical solution of fuzzy differential equations by predictor-
corrector method. Inf. Sci., 177, 1633-1647.

[24]. Allahviranloo, T., Kiani, N. A., & Motamedi, N. (2009).
Solving fuzzy differential equations by differential
transformation method. Inf. Sci., 179, 956-966

[25]. Allahviranloo, T., & Ahmadi, M. B. (2010). Fuzzy Laplace
transforms. Soft Comput., 14, 235-243.

[26]. Allahviranloo, T., Abbasbandy, S., Salahshour, S., &
Hakimzadeh, A. (2011). A new method for solving fuzzy linear
differential equations. Computing, 92, 181-197.

[27]. Melliani, S., Eljaoui, E., Chadli, & L. S. (2015). Solving
linear differential equations by a new method. Ann. Fuzzy
Math. Inform., 9(2), 307- 323 .

[28]. Rajkumar, A., & Jesuraj, C. (2019). Mathematical Model
for Dengue Virus Infected Populations with Fuzzy Differential
Equations. Communications in Computer and Information
Science, Springer, Singapore, 206-217.

[29]. Rajkumar, A., & Jesuraj, C. (2019.) Solution of Fuzzy
Differential Equation of Order 2 by Intuitionistic Fuzzy Numbers
(IFS), Advances in Intelligent Systems and Computing,
Springer Nature Switzerland AG, 292-298.

[30]. Rajkumar, A., & Jesuraj, C. (2019). Intuitionistic
nanogonal fuzzy numbers and its application in FDE,
International Journal of Recent Technology and Engineering,
902-909

[31]. Jafari, R. & Yu, W. (2017). Uncertainty Nonlinear Systems
Modeling with Fuzzy Equations, Mathematical problems in
Engineering. Fuzzy Modeling for Uncertainty Nonlinear
Systems, 1-10

[32]. Ding, Z., Ma, M., & Kandel, A. (1997). Existence of the

solutions of fuzzy differential equations with parameters,

Inform Sci., 99, 205-217.

[33]. Najariyan, M., & Mazandarani, M. (2015). A note on

Numerical solutions for linear system of first-order fuzzy

differential equations with fuzzy constant coefficients.

Information Sciences, 305, 93-96.

[34]. Abdul Rahman, N. A. & Ahmad, M. Z. (2016). Fuzzy

Sumudu transform for solving fuzzy partial differential

equations. The Journal of Nonlinear Science and Applications

9, 3226-3239.

Emerging Technologies, 11(2): 958—964.

How to cite this article: Jesuraj, C. and Rajkumar, A. (2020). A New Modified Sumudu Transform Called Raj
Transform to Solve Differential Equations and Problems in Engineering and Science. International Journal on

Jesuraj & Rajkumar International Journal on Emerging Technologies 11(2): 958-964(2020) 964



